Abstract. We prove that the graded ring of modular forms of weight divisible by 3 is naturally isomorphic to a certain log canonical ring of the corresponding elliptic modular surface.
Write M k (Γ) for the space of Γ-modular forms of weight k.
Theorem 0.1. We have a natural isomorphism of graded rings
Here K ⊗m S (mD) should be understood as K ⊗m S (mD reg +[m/2]D irr ) as usual. Explicitly, the isomorphism (0.1) is given by associating to f (τ) ∈ M 3m (Γ) the m-canonical form f (τ)(dτ ∧ dz) ⊗m where z is the natural coordinate on the smooth fibres of π. Determination of the precise pole condition is the main content of this paper.
Supported by Grant-in-Aid for Scientific Research 15H02051. 1 We see some contrasts with the analogous isomorphism in weight 2m, which can be written in the form
where B is the divisor of elliptic points (of order 3). The first is that the singular fibres over elliptic points do not contribute to the pole condition, and the second is the difference between the coefficients at regular and irregular cusps.
Independently of the proof, we can check that the m-th components of both sides of (0.1) indeed have the same dimension, which is given by
Here g is the genus of X Γ , and ε 3 , ε reg , ε irr are the number of elliptic points, regular cusps and irregular cusps respectively. The dimension formula for
(mD)) can be calculated using the canonical bundle formula and Riemann-Roch on X Γ .
By transposing mD in (0.1), we also obtain an isomorphism between the canonical ring of S Γ and the following subring of ⊕ m M 3m (Γ):
Here the vanishing order of f at a cusp s = γ(i∞), γ ∈ SL 2 (Z), is measured by the parameter e 2πiτ/N where N is the smallest positive integer such that 1 N 0 1 is contained in γ −1 Γγ. When m = 1, this is the Shioda isomorphism
The proof of Theorem 0.1 is given in §1. In §2 we explain the interpretation of the Hecke operators on M 3m (Γ) and the Petersson inner product on S 3 (Γ) in terms of the pluricanonical forms.
Proof
Before proceeding to the proof, let us first explain the source of (0.1) at the level of period domain. We prefer to view the upper half plane as the open set 
The second isomorphism is induced by the symplectic form. 
The first one is just
and the second is given by integrating the relative 1-forms. Combining these isomorphisms, we obtain
. This is the source of (0.1). Now let Γ < SL 2 (Z) be a given group. Taking quotient of S → D by Γ and resolving the A 2 -singularities arising from the fixed points, we obtain an elliptic fibration over Y Γ = Γ\D = X Γ − ∆. The elliptic modular surface π : S Γ → X Γ is the non-singular, relatively minimal extension of this fibration over X Γ . Let us abbreviate Y Γ , X Γ , S Γ as Y, X, S respectively. We shall prove Theorem 0.1 in two steps.
1.1. Semi-stable case. We first consider the case where Γ has no elliptic point nor irregular cusp. In particular, Γ acts on D freely and π has only singular fibres of type I n . For instance, Γ(N) with N > 2 and more generally neat subgroups of SL 2 (Z) satisfy this condition.
The Γ-equivariant bundles K D ,π * Kπ and L descend to line bundles on Y. We extend them over X as follows. The first one, K Y , is extended to K X . The second one is extended to π * K π where K π is the relative canonical bundle of π. Recall that (local) sections of K π | F at a singular fibre F are identified with (local) 1-forms on F\Sing(F) such that at each node it has pole of order ≤ 1 and the sum of its residues over the two branches equals to 0. Hence 
As is well-known, the first one extends to K X ≃ L ⊗2 (−∆). The second one extends to π * K π ≃ L. Indeed, in the period map around a singular fiber F, the vanishing cycle near a node of F corresponds to the cusp vector l ∈ Z 2 . The integral of a generator of H 0 (K π | F ) along the vanishing cycle is equal to its residue at the node, whence nonzero. Therefore a local frame of π * K π corresponds to that of L under the period integral isomorphism
Then we obtain
. Taking global section gives (0.1). Compatibility of the multiplications is obvious.
1.2. General case. We next study the general case. Let Γ < SL 2 (Z) be a given group. We choose as an auxiliary step a normal subgroup Γ ′ ⊳ Γ of finite-index that has no elliptic point nor irregular cusp. We will abbreviate the elliptic modular surfaces S Γ → X Γ and S Γ ′ → X Γ ′ as π : S → X and π ′ : S ′ → X ′ respectively. The quotient groupΓ = Γ/Γ ′ acts on S ′ biregularly. S ′ /X ′ is the nonsingular, relatively minimal elliptic surface birational to the base change X ′ × X S of S /X by the natural projection f : X ′ → X. Let us observe this process of birational transformation around each singular fibre of π, with emphasis on the relation of canonical divisors.
Let F = π * p be a singular fibre of π. Choose an arbitrary point p ′ ∈ f −1 (p) and let 
The first isomorphism holds because A d−1 -points are canonical singularity and p * F ′′ = F ′ , and the second one is the (log) ramification formula. In particular, we have 
Here p * F means pullback of Q-Cartier divisor. Therefore
. On the other hand, the relation of U ′ /V ′ and U ′′ /V ′′ is the same as described in the case (1). Hence we have a natural isomorphism
When p is an elliptic point (of order 3), F is of type IV * , F ′ is smooth (of j-invariant 0), and d = 3. In this case it is more convenient to look from F ′ . The covering transformation group G ≃ Z/3 acts on U ′ with three isolated fixed points at F ′ . The quotient U ′′ = U ′ /G has three A 2 -singularities correspondingly and the central fibre of U ′′ → V has multiplicity 3. Resolving those A 2 -points, we obtain U. If f : U ′ → U ′′ and p : U → U ′′ are the natural maps, we have 
which isΓ-equivariant by construction. We take theΓ-invariant part. On the one hand, we have
On the other hand, by the local analysis (1.2), (1.3), (1.4), we see that
). This gives (0.1).
Some interpretation
The Hecke operators on M 3m (Γ) and the Petersson scalar product on S 3 (Γ) have natural interpretation in terms of the pluricanonical forms. The weight 3 case must be well-known, but included here because we could not find suitable reference.
Hecke operators.
Assume that Γ is a congruence subgroup, and let α be an element of M
of X Γ , where π i are the projections and α is the isomorphism induced from the α-action on D. This induces the Hecke operator
Here α * is induced from the natural α-action on L ⊗k . On the other hand, the curve correspondence (2.1) lifts to the rational correspondence of the elliptic modular surfaces
Hereπ i are the base change maps and isomorphic at each smooth fiber;α is induced from the natural α-action on the bundle C 2 and gives an isogeny of degree det(α) at each smooth fiber. The indeterminacy points and ramification divisors ofα,π 1 ,π 2 are contained in the singular fibers and their preimage. The surface correspondence (2.2) induces the endomorphism π 2 * •α * •π 1 * on rational pluricanonical forms on S Γ . Proof. It is clear that the pullbacks π * 1 ,π 1 * agree and that the trace maps π 2 * ,π 2 * agree. We verify that the m-canonical form pullbackα 
